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Abstract
We characterize Cayley graphs of abelian groupswhich admit a nowhere-zero 3-ﬂow. In particular,
we prove that every k-valent Cayley graph of an abelian group, where k4, admits a nowhere-zero
3-ﬂow.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction
The study of nowhere-zero ﬂows on graphs was initiated by Tutte in his seminal papers
[10,11]. Among other things, Tutte proved that a graph admits a nowhere-zero k-ﬂow if
and only if it admits a nowhere-zero A-ﬂow for some abelian group A of order k. Moreover,
Tutte conjectured that there is a positive integer k such that every bridgeless graph admits
a nowhere-zero k-ﬂow. (Note that a graph admitting a nowhere-zero ﬂow cannot have
bridges.) His conjecture was proved with k= 8 independently by Kilpatrick [5] and Jaeger
[3,4]. This result is now superseded by the 6-ﬂow Theorem of Seymour [8]. The question
whether k=5 satisﬁes the condition in the conjecture remains to be answered and is known
E-mail addresses: primoz.potocnik@fmf.uni-lj.si (P. Potocˇnik), skoviera@dcs.fmph.uniba.sk (M. Škoviera),
skreko@fmf.uni-lj.si (R. Škrekovski).
1 Supported in part by Ministry of Education, Science and Sport of Republic of Slovenia (research project
Z1-3124 and Z1-3129), and by Ministry of Education of Czech Republic (project LN00A056).
2 Research partially supported by VEGA, Grant no. 1/0263/03, and by APVT, Grant no. 51-027604.
0012-365X/$ - see front matter © 2005 Elsevier B.V. All rights reserved.
doi:10.1016/j.disc.2005.04.013
120 P. Potocˇnik et al. /Discrete Mathematics 297 (2005) 119–127
as the 5-ﬂow conjecture. Since the Petersen graph is bridgeless and has no nowhere-zero
4-ﬂow, the number k=5 is the best possible. Avoiding the peculiarity of the Petersen graph
Tutte posed his 4-ﬂow conjecture saying that every bridgeless graph with no Petersen minor
admits a nowhere-zero 4-ﬂow. He also posed the so-called 3-ﬂow conjecture, claiming that
every bridgeless graph without 3-edge-cuts admits a nowhere-zero 3-ﬂow.
Jaeger [3,4] further showed that every 4-edge-connected graph admits a nowhere-zero
4-ﬂow. Together with the well-known fact that any vertex-transitive graph of valence k
is k-edge-connected, this result immediately implies that every vertex-transitive graph of
valence at least 4 admits a nowhere-zero 4-ﬂow.
More recently, Alspach et al. [1] proved that every Cayley graph of a solvable group (of
order greater than 2) admits a nowhere-zero 4-ﬂow. The crucial cubic case of their result
was improved by Nedela and Škoviera [6] extending it to a broader class of Cayley graphs,
and by Potocˇnik [7] by generalizing it to graphs which admit a vertex-transitive action of a
solvable group (excluding the Petersen graph).
All these results give an incentive to a further investigation of the interplay between the
symmetry properties of graphs and the existence of nowhere-zero k-ﬂows. In this paper we
will be dealing with Tutte’s 3-ﬂow conjecture restricted to Cayley graphs of abelian groups.
The main result of this paper is the following theorem.
Theorem 1.1. Every Cayley graph of an abelian group and of valence at least 4 admits a
nowhere-zero 3-ﬂow.
As a consequence of this theorem we obtain that a Cayley graph of an abelian group
admits a nowhere-zero 3-ﬂow if and only if it is of valence 2 (and thus isomorphic to
a disjoint union of cycles), of valence 3 and bipartite, or of valence greater than 3 (see
Corollary 3.1). In the last section we investigate the case of Cayley multigraphs, and show
that the above result applies to them as well.
We conclude the introductory section by giving several relevant deﬁnitions needed later.
The vertex-set and the edge-set of a graphXwill be denoted byV (X) andE(X), respectively.
The path and the cycle on n vertices are denoted by Pn and Cn, respectively, and the
(multi)graph consisting of two vertices connected by k parallel edges is denoted byk .
A graph X is vertex-transitive if its automorphism group acts transitively on the vertex-
set of X. Given a group G and a subset S of G − {1} such that S−1 = S, a Cayley graph
Cay (G; S) of the group G with symbol S is the graph with vertex-set G and edge-set
{{g, gs} | g ∈ G, s ∈ S}. Note that such a graph is connected if and only if S generates G.
Nevertheless, in this paper we allow Cayley graphs to be disconnected.
A dart is an edge endowed with an orientation. The set of all darts of X will be denoted
by D(X), and the set of all darts with initial vertex u will be denoted by D(u). By x−1 we
denote the inverse of a dart x, that is, the same edge but with the opposite orientation.
Let A be an abelian group with additive notation. A function f :D(X)→ A is an A-ﬂow
on X if the following two conditions are satisﬁed:
(i) f (x−1)=−f (x), for each dart x ∈ D(X);
(ii) ∑x∈D(u)f (x)= 0, for each vertex u ∈ V (X).
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If f (x) 	= 0 for each dart x, f is called a nowhere-zero A-ﬂow on X. A Z-ﬂow which takes
values in {±1, . . . ,±(k − 1)} is called a nowhere-zero k-ﬂow.
2. Auxiliary results
In this section we prove several results concerning the existence of nowhere-zero ﬂows
on graphs to be used later in the proof of Theorem 1.1. We use two general techniques. The
ﬁrst technique employs decomposition of graphs.
Lemma 2.1. Let X be a graph which can be decomposed into a collection of edge-disjoint
subgraphs each of which is either a cycle or a cubic bipartite graph. Then X admits a
nowhere-zero 3-ﬂow.
Proof. It is well known (and easy to see) that a graph admits a nowhere-zero 2-ﬂow if and
only if all its valences are even, and that a cubic graph admits a nowhere-zero 3-ﬂow if and
only if it is bipartite (see [2]). Since a nowhere-zero k-ﬂow is at the same time a nowhere-
zero (k+ 1)-ﬂow, all subgraphs constituting the decomposition of X admit a nowhere-zero
3-ﬂow. Therefore so does X. 
Corollary 2.2. A regular bipartite graph of valence at least 2 admits a nowhere-zero 3-ﬂow.
Proof. Let X be a bipartite r-valent graph. The statement is obviously true if r is even.
If r is odd, we use a well-known result of König to decompose the edge-set of X into r
1-factors. The union of any three of them induces a cubic bipartite graph, while the rest can
be decomposed into cycles. The result now follows from Lemma 2.1. 
The second technique is lifting of ﬂows along a covering projection. Recall that a covering
projection f :X → X′ of graphs X and X′ is a graph epimorphism which for each vertex u
of X maps the edges incident with u bijectively onto the edges incident with f (u). In this
case we call the graph X a cover of the graph X′.
Clearly, if X′ is endowed with a nowhere-zero A-ﬂow  (in particular, a k-ﬂow), then 
can be lifted to a nowhere-zero A-ﬂow  on X simply by letting (x)= (f (x)), x being
any dart of X. This simple fact sums up to the following proposition.
Proposition 2.3. Let f :X → X′ be a covering projection and let A be an abelian group.
If the graph X′ admits a nowhere-zero A-ﬂow, then so does the graph X.
Suppose now that X = Cay (G; S) is a Cayley graph, H a normal subgroup of G, and
f :G→ G/H the quotient homomorphism, of groups. Let S/H ={f (s) | s ∈ S} ⊆ G/H .
We can now construct the Cayley graph Cay (G/H, S/H), provided that the set S/H does
not contain the identity of the group G/H (that is, provided S ∩ H = ∅). In this case the
quotient homomorphism f naturally extends to a graph homomorphism f : Cay (G; S) →
Cay (G/H, S/H). In general, this homomorphism may fail to be valence preserving, as
some of the generators in S may collapse into the same element in G/H . This is the case
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if and only if H ∩ {s−1t | s, t ∈ S, s 	= t} 	= ∅. We summarize the above in the following
lemma.
Lemma 2.4. Let Cay (G; S) be a Cayley graph, and let H be a normal subgroup of G
satisfying the following conditions:
(i) S ∩H = ∅;
(ii) H ∩ {s−1t | s, t ∈ S, s 	= t} = ∅.
Then the Cayley graph Cay (G; S) is a cover of the Cayley graph Cay (G/H ; S/H).
In the rest of this section we will construct nowhere-zero 3-ﬂows in some particular
Cayley graphs. All of these graphs are cartesian product graphs. The cartesian product
XY of two graphs X andY is deﬁned on the vertex-set V (X)×V (Y ), where two vertices
(x1, y1) and (x2, y2) of XY are adjacent if x1 = x2 and y1 is adjacent to y2 in Y, or if x1
is adjacent to x2 in X and y1= y2. Edges of the form {(x1, y1), (x1, y2)} are calledY-edges,
and the others X-edges. Let v= (v1, v2) ∈ XY . Then the subgraph induced in XY by
the vertices of the form {(v1, y) | y ∈ V (Y )} is called the Y-layer through v. The X-layer
through v is deﬁned similarly.
Proposition 2.5. Letm, n3be integers.Then thegraphCmCnK2 admits anowhere-
zero 3-ﬂow.
Proof. Let X = CmCnK2. If one of m and n, say m, is even, we remove the edges in
X which correspond to the layers of Cn. The remaining graph consists of n vertex disjoint
copies of CmK2. Since the latter graph is cubic and bipartite, Lemma 2.1 now implies
that X admits a nowhere-zero 3-ﬂow.
We may therefore assume that both m and n are odd numbers. Let us call the two copies
of CmCn in X the 0-layer and the 1-layer. The vertices in each of these layers will be
labelled by (x, y), where x ∈ Zm, y ∈ Zn, so that the vertices with the same label, but in
different layers, are adjacent.
We shall now remove the edges of appropriately chosen edge-disjoint cycles in X so that
the remaining graph X′ will be cubic and bipartite.
First, in each of the two layers we remove the edges of the 4-cycles induced by the vertices
(0, j), (1, j), (1, j + 1) and (0, j + 1), where j = 1, 3, . . . , (m− 2). Then in each i-layer
(i ∈ Z2) we construct a path Pi containing the following edges:
(i) {(j, 0), (j, 1)}, {(j, 1), (j, 2)}, . . . , {(j,m− 2), (j,m− 1)} for j = 2, 3, . . . , n− 1;
(ii) {(j,m− 1), (j + 1,m− 1)} for j = 2, 4, . . . , n− 3;
(iii) {(j, 0), (j + 1, 0)} for j = 1, 3, . . . , n− 2;
(iv) {(0, 0), (1, 0)}.
Let C be the cycle consisting of the edges of P0, of P1, of the edge connecting both vertices
labelled by (0, 0), and of the edge connecting both vertices labelled by (m − 1, n − 1).
Finally, from the remaining graph we remove the edges of C to obtain X′. Clearly, X′ is
cubic. We show that it is also bipartite. Let Ai be the subset of the vertex-set of the i-layer
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containing the following vertices:
(i) (0, j) and (1, j) for j = 0, 2, 4, . . . , m− 3;
(ii) (j,m− 2) and (j,m− 1) for j = 2, 4, . . . , n− 1;
(iii) (j, l) for 2jn− 1, 0 lm− 3, where j + l is odd.
Further, for each i ∈ Z2 letBi denote the complement of the setAi relative to the vertex-set
of the i-layer. It is now easy to verify that the setsA0∪B1 andA1∪B0 form the bipartition of
the graph X′. Thus we can again use Lemma 2.1 to conclude that X admits a nowhere-zero
3-ﬂow. 
For an integerm3 and for n ∈ Zm, the Cayley graph Cay (Zm, {−1, 1,−n, n}) will be
denoted by C(m, n). Observe that it can be constructed from the m-cycle x0x1 · · · xm−1x0
by connecting xi to xi+n (indices taken modulo m) for each i ∈ {0, . . . , m− 1}. Note that
in the next proposition the graph is not simple when n=1 or n=m−1, and whenm is even
and n = m/2, but we need these cases in the last section where the nowhere-zero 3-ﬂows
on Cayley multigraphs are considered.
Proposition 2.6. Let m and n be two integers such that m>n1 and m3. Then the
graph C(m, n)K2 admits a nowhere-zero 3-ﬂow.
Proof. In the graph C(m, n), let C = x0x1 · · · xm−1x0 be the “outer” cycle, and let C¯ arise
from C(m, n) by removing the edges of C. We will call the edges from C and C¯ m-edges
and n-edges, respectively. Note that if gcd(m, n) 	= 1, then C¯ comprises more than one
cycle.
SetX=C(m, n)K2. If m is an even number, then we can decompose X into a 2-factor
(induced by the n-edges) and a bipartite 3-factor (induced by the remaining edges), and the
result follows from Lemma 2.1. So, we assume that m is odd. Since C(m, n) is isomorphic
to C(m,m− n), we can also assume that n is odd.
In both layers ofC(m, n) in X let us split each xi into two vertices x′i and x′′i . For i /∈ {0, n}
distribute the edges at both copies of xi so that the vertex x′i is incident with the m-edges
and the K2-edge, and the vertex x′′i is incident with the n-edges. At x0, partition the edges
so that x′0 is incident with them-edge from x′m−1 and with theK2-edge, while x′′0 is incident
with the m-edge from x′1 and with both n-edges. At xn, let x′n be incident with the m-edge
from x′n+1 and with the K2-edge, and ﬁnally let x′′n be incident with the m-edge from x′n−1
and with both n-edges. Denote the resulting graph by X′.
The component of X′ which contains the vertices x′n, x′n+1, . . . , x′m−1, x′0 from both
layers is isomorphic to Pm−n+1K2. The latter graph is a subdivision of a cubic bipartite
graph, so it admits a nowhere-zero 3-ﬂow. Since n is an odd integer, the component of
X′ which contains the vertices x′′0 and x′′n (and also x′1, x′2, . . . , x′n−1) has an even number
of K2-edges, and so is a subdivision of a bipartite cubic graph too. If gcd(m, n) 	= 1,
the graph X′ also has components which are cycles entirely consisting of n-edges. Again,
Lemma 2.1 shows that X′ admits a nowhere-zero 3-ﬂow. A nowhere-zero 3-ﬂow on X is
now obtained from such a ﬂow on X′ by identifying each x′i with the corresponding x′′i
into xi . 
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Proposition 2.7. For any integerm3 the graphK4Cm admits a nowhere-zero 3-ﬂow.
Proof. Denote the vertices of K4 by x, y, z and w, and the vertices of the cycle Cm by the
elements of Zm, so that the edges of Cm are of the form {i, i + 1}, i ∈ Zm. The vertices of
the graphX=K4Cm are (x, i), (y, i), (z, i), (w, i), i ∈ Zm, which for short are denoted
by xi, yi, zi and wi , respectively.
Ifm is even, remove from X the edges of all the 4-cycles (xi, yi, zi, wi), i=0, . . . , m−1.
The resulting graph is isomorphic to two copies ofK2Cm. Since it is cubic and bipartite,
X admits a nowhere-zero 3-ﬂow by Lemma 2.1.
If m is odd, we remove the edges of the following 4-cycles: (x0, y0, ym−1, xm−1),
(z0, w0, zm−1, wm−1) and (xi, yi, wi, zi) for i = 1, 2, . . . , m − 2. Note that thus obtained
graph is cubic and bipartite (where one of the two bipartition sets consists of the vertices
xm−1, ym−1, and xi, yi, zi+1, wi+1, for i= 0, 2, . . . , m− 3). Again, Lemma 2.1 shows that
X admits a nowhere-zero 3-ﬂow, as required. 
3. Proof of Theorem 1.1
Let X = Cay (G; S) be a Cayley graph of valence at least 4 of an abelian group G. We
want to prove that X admits a nowhere-zero 3-ﬂow. Since every graph with vertices of
even valences admits a nowhere-zero 2-ﬂow, we may assume that X is an r-valent graph
with |S| = r5 being an odd integer. Moreover, since the connected components of a
disconnected Cayley graph of a group G are Cayley graphs of a subgroup of G, we can
assume that X is connected, and therefore that S is a generating set of G.
Let F be the set of edges of X induced by two involutions or by a generator of order 3.
Then F is a 2-factor of X. If X − F admits a nowhere-zero 3-ﬂow, then so does X. It is
therefore sufﬁcient to prove the theorem for r = 5. As non-involutory elements of S come
in pairs, the number of involutions in S is odd.
Assume ﬁrst that S consists of 5 involutions, S = {1, 2, 3, 4, 5}. Then at least one
of the involutions 3, 4, 5, say 3, is not contained in the group 〈1, 2〉. But then the
graph obtained from X by deleting the 4-cycles generated by 4-edges and 5-edges is cubic
bipartite (being isomorphic to a disjoint union of 3-cubesQ3). So X admits a nowhere-zero
3-ﬂow by Lemma 2.1.
Assume now that S contains 3 involutions 1, 2, 3 and two elements c and c−1 of order
s3. If the 3 involutions generate the group isomorphic to Z32, then the existence of a
nowhere-zero 3-ﬂow in X follows similarly as in the previous paragraph: we simply delete
the c-edges to obtain a bipartite graph isomorphic to a disjoint union of cubesQ3. We can
thus assume that each of the three involutions is the product of the other two, and that the
graph induced by the 1-edges, 2-edges and 3-edges is isomorphic to a disjoint union
of the complete graphs K4. The structure of X now depends on the mutual position of the
subgroups 〈c〉 and 〈1, 2, 3〉 in G. If they intersect trivially, then X is isomorphic to the
cartesian product K4Cs , which admits a nowhere-zero 3-ﬂow by Proposition 2.7. The
other possibility is that 〈c〉 contains one of 1, 2 and 3, say 3. Then s is clearly even, and
the graph induced by 1-edges and c-edges is isomorphic to the prism K2Cs . Since the
latter graph is cubic and bipartite, the existence of a nowhere-zero 3-ﬂow on X now follows
from Lemma 2.1.
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We are now left with the case where S contains only one involution. That is, S =
{c, c−1, d, d−1, }, where  is the involution and c and d have respective orders s, t3.
As G is an abelian group of even order, it contains a normal subgroup N of index 2. We
shall consider several cases with respect to the intersection S ∩ N . Note that |S ∩ N |4
because X is connected. In most of the cases we will ﬁnd a 2-factor F in the graph X such
that the cubic graph X − F obtained from X by deleting the edges of F will be bipartite;
the existence of a nowhere-zero 3-ﬂow on X will then follow from Lemma 2.1.
Case 1: If |S ∩ N | = 0, then the graph is bipartite and admits a nowhere-zero 3-ﬂow by
Corollary 2.2.
Case 2: If |S ∩ N | = 1, then S ∩ N = {}. Note that in this case the respective orders s
and t of elements c and d in G are even. At every vertex x of X, consider the 4-cycle whose
edges are {x, xc}, {xc, xc}, {x, x} and {x, xc}. All these 4-cycles constitute a 2-factor
F with X − F being cubic and bipartite.
Case 3: If |S ∩N | = 2, we may assume that S ∩N = {c, c−1}. It follows that set F of all
c-edges in X forms a 2-factor of X such that X − F is cubic and bipartite.
Case 4: If |S∩N |=3,wemay assume thatS∩N={c, c−1, }. LetY=Cay (N; {c, c−1, })
be the cubic subgraph of X induced by the set of vertices N.
Assume ﬁrst that there exists a 1-factorM inY such that Y −M is a bipartite graph, that is,
a disjoint union of cycles of even length. Then the set of edgesM ′={{dx, dy} | {x, y} ∈ M}
is a 1-factor of the subgraph Y ′ of X induced by the set of vertices dN. Note that the mapping
x → dx is an isomorphismbetweenY−M andY ′−M ′. LetF be the 2-factor ofX consisting
ofM ∪M ′ and the edges of the form {x, xd−1}, x ∈ N . Then X − F is isomorphic to the
graph (Y −M)K2. In particular, X − F is bipartite and cubic, and by Lemma 2.1, X
admits a nowhere-zero 3-ﬂow.
It remains to ﬁnd a 1-factor M of Y such that Y − M is bipartite. If the order s of c
is even, then we can choose M to be the set of all -edges in Y. If, on the other hand,
s = 2l + 1 is odd, then 〈c〉 ∩ 〈〉 = 1, andY is a disjoint union of prisms Cs K2. Now, for
each coset C of the subgroup 〈c, 〉 in N choose a representative x ∈ C, and consider the
set of edges EC = {{x, x}} ∪ {{xc2i−1, xc2i} | i ∈ {1, . . . , l}} ∪ {{xc2i−1, xc2i} | i ∈
{1, . . . , l}}. Note that EC is a 1-factor of the subgraph Y [C] of Y induced by C (which is
exactly a connected component of Y) and that Y [C] − EC is a disjoint union of a 6-cycle
and l − 1 copies of 4-cycles. Hence, the 1-factor M of Y comprising all the 1-factors EC ,
where C ∈ N/〈c, 〉, has the required property that Y − M is bipartite. This completes
Case 4.
Case 5: Finally, assume that |S ∩N | = 4. Then, S ∩N = {c, c−1, d, d−1} and the graph
X is isomorphic to the graph Y K2 where Y = Cay (N; S ∩ N). If one of s and t, say s,
is even, then we remove from X the 2-factor F induced by all d-edges, so that X − F is a
bipartite cubic graph. We may therefore assume that both s and t are odd and consider the
subgroup K = 〈c〉 ∩ 〈d〉N . We distinguish three subcases.
Subcase 5.1: Assume that K ∩ S 	= ∅. Then either 〈c〉〈d〉 or 〈d〉〈c〉, and X is
isomorphic to the graphC(m, n)K2 for somem ∈ {s, t} and some nm. By Proposition
2.6, X admits a nowhere-zero 3-ﬂow.
Subcase 5.2: Assume that K ∩ S = ∅ and K ∩ {s−1t | s, t ∈ S, s 	= t} 	= ∅. Then either
c2 ∈ 〈d〉 or d2 ∈ 〈c〉. But sinceK∩S=∅, either s or t is even, contradicting our assumption
on the parity of s and t.
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Subcase 5.3: Finally, letK ∩S=∅ andK ∩ {s−1t | s, t ∈ S, s 	= t}=∅. By Lemma 2.4,
X is a cover of the Cayley graph Cay (G/K; S/K). Note that the intersection 〈cK〉 ∩ 〈dK〉
is trivial and that the groupG/K is isomorphic to the direct product 〈cK〉 × 〈dK〉 × 〈K〉.
The graph Cay (G/K; S/K) is thus isomorphic to Cs′ Ct ′ K2, where s′ = s/|K| and
t ′ = t/|K|. By Proposition 2.5, Cay (G/K; S/K) admits a nowhere-zero 3-ﬂow, and by
Proposition 2.3 so does Cay (G; S)=X.
The following characterization is an immediate corollary of Theorem 1.1
Corollary 3.1. LetX=Cay (G, S) be a Cayley graph of an abelian groupG. Then X admits
nowhere-zero 3-ﬂow if and only if it is of valence 2, or of valence 3 and is bipartite, or of
valence at least 4.
4. Nowhere-zero 3-ﬂows of Cayley multigraphs
The concept of a nowhere-zero ﬂow does not require the supporting graph to be simple.
This is our motivation to extend Theorem 1.1 to Cayley multigraphs, that is, Cayley graphs
Cay (G; S) where the symbol S is a multiset containing each element s with the same
multiplicity as its inverse s−1. Moreover, we will allow the symbol S to contain the unit 1
of the group G. The Cayley multigraphs deﬁned in this way may contain multiple edges as
well as loops.
Denote by C(2)n the graph constructed from the cycle Cn by doubling every edge. Thus,
C
(2)
n is a 4-valent graph with each edge of multiplicity two. If n4 is an even number,
then let C∗(n, n/2) be the graph obtained from C(2)n by connecting any two antipodal
vertices.
We need the following lemma.
Lemma 4.1. For each even n4 the graph C∗(n, n/2) admits a nowhere-zero 3-ﬂow.
Proof. If n=4k+2 for some k, then C∗(n, n/2) is a bipartite 5-valent graph, and it admits
a nowhere-zero 3-ﬂow by Corollary 2.2. Otherwise, n=4k for some k. We now decompose
C∗(n, n/2) into 2k copies of2 and k copies of2K2 and apply Lemma 2.1 to conclude
that C∗(n, n/2) admits a nowhere-zero 3-ﬂow. 
Theorem 4.2. Let X= Cay (G, S) be a Cayley multigraph of an abelian group G. Then X
admits nowhere-zero 3-ﬂow if and only if after deleting the loops of X, the resulting graph
is of valence 2, or of valence 3 and bipartite, or of valence greater than 3.
Proof. Note that X admits a nowhere-zero 3-ﬂow if and only if the graph obtained from
X by removing all its loops admits a nowhere-zero 3-ﬂow. So we may assume that X is
loopless. We may also assume that X is connected. It is well known if X is of valence 1 or
X is non-bipartite cubic graph, then X has no nowhere-zero 3-ﬂow. Further, if X is of even
valence, then it does admit a nowhere-zero 3-ﬂow. So, assume that X has odd valence. As
in the proof of Theorem 1.1, we may assume that X is of valence 5. This implies that the
symbol S contains at least one involution, say .
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Let  be the maximum multiplicity of an edge in X (or generator from S). If = 1, then
X is a simple graph, and the proof follows by Theorem 1.1. Now, we consider the following
cases:
Case 1: If = 2, we ﬁrst assume that  is an involution of multiplicity two in S. If there
exists c ∈ S which is not an involution, then X can be decomposed into cycles induced by
the edges of c and copies of 2K2, and the result follows. Otherwise, all elements of
S are involutions, which implies that X isomorphic to C(4, 2) or C∗(4, 2). Note that both
graphs admit a nowhere-zero 3-ﬂow.
Assume now that c ∈ S is of multiplicity two and c is not an involution. Then X is
isomorphic to C∗(n, n/2) or C(2)n K2 for some n. By Lemma 4.1 and Proposition 2.6
these graphs admit a nowhere-zero 3-ﬂow.
Case 2: If = 3, then X can be decomposed into cycles (possibly of length 2) and copies
of3; the result follows.
Case 3: If = 4, then X can be decomposed cycles and copies of3 as in Case 2.
Case 4: Finally, if =5, then X is isomorphic to5, which clearly admits a nowhere-zero
3-ﬂow. 
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Remark. While preparing the ﬁnal version of the paper, it was brought to our attention
that, independently of us, Shu andZhang [9] hadproven some results related to ourTheorems
1.1 and 4.2. In particular, they had shown that if S is a minimal symmetric generating set of
an abelian group G with |S|4, then the Cayley graph Cay (G, S) admits a nowhere-zero
3-ﬂow.
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